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Abstract
The star-matrix models are dicult to solve due to the multiple powers of the
Vandermonde determinants in the partition function. We apply to these models a
modied Q-matrix approach and we get results consistent with those obtained by
other methods.As examples we study the inhomogenous gaussian model on Bethe
tree and matrix q-Potts-like model. For the last model in the special cases q = 2 and
q = 3, we write down explicit formulas which determinate the critical behaviour of
the system.For q = 2 we argue that the critical behaviour is indeed that of the Ising





The star-matrix models were considered rst in [1] [2] in connection with the q-Potts
model and percolation problem.Another eld of interest is the "induced" QCD which
in the largeN limit is equivalent with the star-model on Bethe tree. The star-models
are also a direct generalization of the c = 1 matrix model, which is the particular
case for q = 1.
The diculties in solving exactly these models are related with the multiple pow-
ers of the Vandermonde determinants in the partition function.In the Q-matrix ap-
proach, another problem related with the rst , is the choosing of a proper basis in
which to dene consistently the Q-matrices.
In this work we show that it is possible to apply a modied Q-matrix approach
and to dene consistently the Q-matrices. The method gives consistent results for
the cases where other methods can be applied :the saddle-point method, Schwinger-
Dyson approach, gaussian integration etc. The gaussian models and matrix model
on Bethe tree give similar results with the previous ones. However, our method can
be applied in all genera, and permits a more precise study of particular parts of the
Bethe tree.
In the last section we consider the matrix formulation of the q-Potts-like model
and study it as a polymer on a random surface. It is important that we still get
consistent results for this model. It is a non-trivial result, because the coupling
conditions are overdetermined: the Q-matrices depend on 3q + 3 variables and we
have 4q + 3 equations. More generally when the central potential V
0
is gaussian and
the lateral potentials V

are of order n we have 3q + n variables and (n + 1)q + 3
equations always with combatible solutions.
2 Q-matrix approach
The Q-matrix approach was introduced for the 1-matrix model [3] and further de-
veloped for the two-matrix and the chain multi-matrix models in [4]. Here we are
applying this approach to another class of multi-matrix models { the star-matrix
models.








































;  = 0; 1 : : :q. It is possible to integrate over





















































We dene the orthogonal functions basis as 
n


















































































































































































Inserting the expression of 
0;m



































































and permits to calculate the partition function:








































































































































































































= 0;  = 1; : : :q
We consider only the symmetric case when the order of potentials is p

= p. The
calculation of degree for matrices gives:
Q













= p  1; n
0
= 1.
The notation shows that we have Q

-matrices with nite band with m lower and
n higher diagonals.
We consider only 1-point correlation functions, hence we do not need the ow


















These 1-point correlation functions can be calculated in every genus h and in principle
for arbitrary potentials, not only gaussian.
3 The gaussian model
After the exact solution of c = 1 matrix model (or chain q-multimatrix model)
with gaussian potential, the star q-multimatrix model is an obvious target for study.
Even with a trivial gaussian potential, it could give an interesting string description.
For example, due to the additional permutation symmetry S
q
, the tachyonic eld
structure can be quite dierent from the original chain model.The 3-star matrix













































































= 0;  = 1; : : : q (3.2)






























;  = 1; : : : q

























































































































































For quadratic potentials V



































);  = 1 : : : q









































)] obtained by shifting
the matrices M

so that the liniar terms in the potential vanish.






can be calculated by direct integration of the original integral (3.1).
This is not the case for more complicated 1-point correlation functions as those given
by (2.14).Instead with the Q-matrix approach this is easy , using the explicit form
of Q-matrices.In the Dyson-Schwinger approach ,this calculation is also possible but
only on the sphere.

















































N + i+ j





  (l+ k); i+ j)






















































We have sum over i = r; j = 0.
4 The gaussian model on Bethe tree
Kazakov and Migdal [7] have obtained the so-called induced "induced QCD"- a ma-
trix model embedded in the regular D-dimensional lattice. For gaussian potential ,
the model was solved by Gross [8]. In the limit N ! 1 the Kazakov-Migdal model
with generic potential is equivalent to the matrix model with a Bethe tree target
space [9].
Because the model was studied only with the saddle-point method, it is interesting
to study it in a dierent framework , that of Q-matrices approach. It gives higher
accuracy in studying dierent regions of Bethe tree and also permits computations
in higher genera.
Our model is the inhomogenous version of matrix model on Bethe tree, at every
level of branch we assigne a specic partition function and propagator.
6



























where < ij > denotes the permitted links of Bethe tree, and c
i
are the coupling
constants of the i-th level branch.
























































































































































































) +K = 0; f(d
i























where the constant K = (q  
2t
c









































































This case represents the limiting case of a matrix model on the fractal curve of
Bethe tree. We can dene the free energy on the unit length:
F
frac









We observe a singularity of the free energy at (2t=c)
2
= 1. This critical point is
the analog of critical point for c = 1 matrix model (or q-multimatrix model) at the
self-dual radius R
2
= 1 We must consider the physical domain when 2t < qc (t < 0
to have a well-dened path-integral). We choose c < 0. We see that the other region
2t > qc; c > 0 is not reached.







































We have considered the fractal curve or a tiny strip of surface which is lling densily
the extremity of the Bethe tree. We can study a larger strip which tends asymptoti-
cally to the fractal curve.































(x), where x = n=N . We can see now that
all second terms in the equations (4.6) are proportional with x; 0  x < 1 and can
be considered as perturbations. We neglect the function g. In this case we can solve










































where r = r
+
; s = r
 
or viceversa with r














+ 1 = 0 (4.11)
and b = b
+
; f = b
 
or viceversa with b


















+ 1 = 0 (4.12)




in the asymptotic regime can be inter-
changed; hence it does not matter if i is odd or even.
8
We can dene also in this regime the free energy on the unit length:
F
i;i+2







(q must be bigger than 2 to have at least one branch).The free energy is 0 and is
dierent from F
frac
. This is understandable because F
frac
is proportional with x,
but we have considered the case when x = 0, hence F
i;i+2





we must include the perturbation in x.
As we said before, our model diers from the one studied by Gross and Boulatov
[8][9]. Their model is homogenous ;for the Bethe lattice with coordonation number




















































Our model is inhomogenous. Every branch of dierent level i has a dierent partition
function Z
i








































We see that the partition function for i-th level branch is expressed not only in terms
of higher level branches (i+1), but we have also the back-reaction on the lower level
branches (i  1).We also observe that the eq.( 4.14) is dierent for i odd or even.
Solving the equation is equivalent with the rst two equations (4.6). Solving






where r satises the second order equation (4.11). If we solve (4.6) as dierential


























  (q   1)
(q   1)
2
The signs alternate for i odd and even. This result can be compared with that of
homogenous model if we identify t=c = m
2
=2; q = 2D. The partition function per
branch for homogenous model behaves as Z(M) = exp( TrM
2


























is directly related with the free energy of branches of level
between k and k + 1:
F
k;k+1





















are like spin-up and spin-
down congurations which group pair-wise having a total energy zero.
















































has a fast decaying in amplitude (for q > 2) and
an oscilatory character with pulsation ! . For  
1
2
the expression (5.16) is singular
and the pulsation is ! 

2
. If we take  =
1
2
+  then ! =

2
+! and !  . This
















For  ! 1=2 the modulation dissapears because the period T
k
!1.
5 The q-Potts-like model
q-state Potts spins are an interesting generalization of the Ising model (q = 2) . On
planar random lattice they were studied rst time by Kazakov [1] [2]. The cases q ! 0
and q ! 1 represent the models of tree-polymers, respectively that of percolation.
The q = 2 case , that of Ising model on random lattice, can be expressed in terms of
the 2-matrix model.


































where the summ run over all triangulations with n triangles fG
(n)




- is the adjancency matrix of planar lattice with n vertices,
- inverse temperature, H- magnetic eld .





























The partition functions (5.2) and (5.1) are equal due to the equivalence of the







) and the Boltzmann weights of Potts model on the original lattice.
Introducing a new matrix M
0







































. The coupling constant c is connected with





+ q   1)
 1



















































































= 0;  = 1; : : : q

































;  = 1; : : :q

































































































































































































Hence all coecients of the Q-matrices can be expressed in terms of the R

= R





































For symplicity we choose 6s = 2t
0




= 1=q. If we denote





u+ 1=2 = 0 (5.10)






= 1 at the critical point when the "cosmological
constant" u

= 3=2. Near critical point, the variable R related with the free energy






for the (p; q) matter models coupled with the
2d gravity.









we get in the lowest order of  the relation  = 3Z
2







.This critical point (the continuum limit) corresponds
to the pure gravity model or 
3





; c in the symmetric case.
5.2 Non-symmetric case
We can write the system of equations (5.5), (5.6) in a dierent way which will permit















































Then we can express the variables R



















;  = 1 : : :q (5.12)
and also the variables b




















= 0;  = 1 : : :q (5.13)































) = 0;  = 1 : : : q (5.14)










= const;  = 1 : : : q (5.15)

















we get from the system (5.15) the following equation:




2(X + c(q   1))
  u = 0
With the notation z = R=q =  1=(2X + 2c(q   1)) we obtain the equation (5.10).
q=2 case
We argue that the critical behaviour of the case q = 2 coincides with the Ising
model on random 
3
lattice.






































































































































































We point out the great similarity between this system and that of the Ising model
on 
3
lattice [10] (which corresponds to the case q = 2 Potts model). To show this,
we integrate the intermediate matrixM
0







































; c = c
12
.
















































































) in the last two equations ,we see
that they dier from the equations (5.18) only by the terms containing the r quantity.
We expect that these terms are only an artefact of the dierent basis of orthogonal
polynomials we have chosen and that they do not change the critical behaviour of














This is the rst non-trivial member of the q-Potts-type set of models.It can not
be derived from the two-matrix model or other more complicated chain models.It
represents the matrix model on the Dynkin diagramm D
3
.
We have not managed to derive the critical behaviour.However, for further devel-
opments, we write down the system of equations which gives the critical scaling.



































The indices 123 of the function Y
123



























































































































































































We have studied the inhomogenous matrix model on the Bethe tree and have ob-
tained similar results with the homogenous model in the saddle-point method.We
have two regimes: the fractal and the asymptotic .In the asymptotic regime, we get





where r satises a second order equation like in the homogenous case. For large j- the
level of the branch- we expect that the properties of the model become independent
of j and is a transition from the asymptotic regime to the fractal regime. Also in the





= 1=2 we have a slow oscilation of the free
energy with the period T  (1=2  )
 1
.
For the q-Potts-like model with arbitrary q we write down the general coupling
conditions. For the special cases q = 2 and q = 3 we solve the coupling conditions in
terms of only one type of variables X

. For q = 2 we have argued that the system




I would like to thank Prof.L.Bonora and Dr.F.Nesti for many usefull discussions. I




[3] H.Itoyama, Y.Matsuo, Phys.Lett.B262(1991) 233
[4] L.Bonora, C.S.Xiong, Correlation functions of two-matrix models, hep-
th/9311070; Nucl.Phys.B405 (1993) 191
[5] I.Kostov,Nucl.PhysB 326(1989)583
[6] P.Di Francesco,D.Kutasov,Nucl.Phys. B 342(1990)589
[7] V.A.Kazakov,A.A.Migdal,Nucl.Phys.B397(1993)214
[8] D.J.Gross,Phys.Lett.B293(1992)181
[9] D.V.Boulatov,Mod.Phys.Lett.A8(1993)557 A9(1994)1963
[10] V.A.Kazakov,JETP.Lett.44(1986)105,
D.V.Boulatov,V.A.Kazakov,Phys.Lett.B186(1987)379
15
